June 30, 1990 


Dear Robert, Micheal, and Jeremy, 


By now you should have received the referee reports from Found. of Phys., and 
you should have no trouble identifying mine, since as a matter of principle I leave 
my fingerprints over all my refereeing work. Also, I hope that you have received the 
preprint of the joint paper with Greenberger, Horne, and Zeilinger, which we submitted 
to Am. J. Phys. If not, that should arrive soon, and the referee report should be 
read with it. I regret that my report is critical, but again as a matter of principle 
I maintain the same standards in refereeing whether or not the authors are my friends. 
What complicates this case, however, is that I saw an earlier draft of your paper and 
wrote you an encouraging letter, though at the time I wrote that I had not read the 
paper in mathematical detail, What I applauded in that letter was your result and 
your efforts to study in detail the relevant locality assumptions. Even after reading 
your paper in great detail,I continue to approve of it in these respects, but I also 
believe that my criticisms are justified: namely, that you were wrong in saying that 
Greenberger's original proof is essentially flawed, and that the texture is much denser 
than necessary. (Note that I say "Greenberger's", since it is essentially his work, 
and he generously added Horne's and Zeilinger's names because they had been very sti- 
mulating to him while he was in Vienna. He steadfastly resists taking public recogni~ 
tion for the main share of the work, but both Horne and Zeilinger like to tell people 
privately that he deserves it.) I regret that I did not read your paper as closely 
when you first sent it to me as I did when I served as an official referee, because 
I could have saved you much time. But I was over-burdened when you sent it to me 
(partly because I am asked to do much refereeing!). Anyway, I hope that you take my 
criticism in good spirit, and that you use it constructively to write an improved 
version. 

Incidentally, the reason that the Am. J. of Phys. paper includes me among the 
authors is the following. When I read Mermin's paper I was struck by two points. The 
first was that he was mistakenin saying that the GHZ theorem permits a test of local 
realism with a single measurement; that is not so, because one must first establish 
the approximate correctness of several (a finite number!) of correlations which 
qem. predicts to be perfect. The second was that whatever could be done with spin @» 
systems could also be done with n-particle interferometry, and that would be more 
readily realizable in an actual experiment. Horne felt the same way, and we quickly 
wrote a draft of a small paper, which we intended to publish next to Mermin's Am. 

J. of Phys. paper. When we called Greenberger about our intentions, he wanted to 
join us, partly because he had had some of the same reactions, and partly because 
he felt that a full presentation of his original work had not yet been made. We 
worked from mid-April until now on the joint paper. A four-fold collaboration is 
complicated, but the result is much better than our individual earlier drafts. 

At times, however, the complications were such that I felt that the Marx Brothers 


were writing the paper! ' 


With best wishes, 


P.S, I was surprised that you did not emphasize mordthan you did the important his- 
torical fact that the first publication of a proof of Bell's theorem without inequali- 
ties was the paper of Heywood and Redhead. I had to bring that paper to the attention 
of my collaborators. I do not know, however, whether the idea in that paper was an 
elaboration of a suggestion by Kochen, or an independent discovery. When I looked 
again at Heywood and Redhead, I could not be sure about the relation of that paper 
to the unpublished suggestion of Kochen. It would be good if that were clar tffied.. 


lt €& Aotigrcher, 
Grew 
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Abstract 


We demonstrate that the premisses of the Einstein-Podolsky-Rosen paper are 
inconsistent when applied to quantum systems consisting of at least three 
particles. The demonstration reveals that the EPR program contradicts 
quantum mechanics even for the cases of perfect correlations. By perfect 
correlations we mean arrangements by which the result of the measurement 
on one particle can be predicted with certainty given the outcomes of 
measurements on the other particles of the system. This incompatibility 
with quantum mechanics is stronger than the one previfjualy revealed for 
two-particle systems by Bell's inequality, where no contradiction arises 
at the level of perfect correlations. We give both spin-correlation and 
multi-particle interferometry examples of suitable three- and four- 
particle arrangements, both at the gedanken and at the real experiment 


, 


level. 


I. INTRODUCTION 

Bell's theorem of 1964 is a proof that certain plausible propositions 
about locality, reality, and theoretical completeness are incompatible with 
some predictions of two-particle quantum mechanics. ! These propositions were 
presented in 1935 by Einstein, Podolsky, and Rosen (EPR) “, who used them in 
conjunction with some quantum mechanical predictions as the premisses of an 
argument concluding that quantum states cannot in all situations be complete 
descriptions of physical reality. There is nothing in EPR's argument nor in 
their comments on it that suggests doubt about the correctness of quantum me- 
chanical predictions. Their claim that the quantum state is an incomplete des- 
cription is offered rather as an interpretation of quantum mechanics: roughly, 
that individual systems have intrinsic properties, but the quantum state gives 


only a statistical description of an ensemble of intrinsically differing indi- 


vidual systems. Furthermore, they suggest that the idea of a complete state 
richer in content than the quantum state provides a commonsense explanation 

of certain perfect correlations predicted by quantum mechanics, which eens 
are baffling. Consequently, contrary to the impressions of many physicists, 

EPR were not offering a paradox, but rather a program for solving a problem. 

What Bell's theorem shows is that their program cannot be right: the conjunction 
of EPR's propositions with the quantum mechanical predictions for a pair of 
systems (as simple as two-state systems) leads to a conttadiction. 


The contradiction is revealed by deriving from EPR's program an inequality 


which is violated by certain quantum mechanical statistical predictions. Statistical 


CY 


predictions concern imperfect or seacagical correlations, in which the outcome of 

a measurement on one system determines not the outcome of a measurement on 

the other system but rather the probabilities of various outcomes. Because of the con- 
tradiction, experiments can be performed in which the results cannot agree both with 


the predictions of quantum mechanics and with the inequality. Extensions of 


Bell's original theorem made such experimental tests feasible, and more than 
a dozen of these have been performed, with results overwhelmingly supporting 
quantum aeshantess> 

Recently, Greenberger, Horne, and Zeilinger (cuz) * have demonstrated 
Bell's theorem in a new way, by analyzing a system consisting of three or more 
correlated spin- particles. Unlike Bell's original theorem and variants of 
it, GHZ's demonstration of the incompatibility of quantum mechanics with EPR's 
propositions concerns only perfect correlations rather than statistical corre- 
lations, and it completely dispenses with inequalities. Since EPR's argument 
for the incompleteness of quantum mechanics was based upon perfect correlations, 
GHZ's analysis lies close to the heart of EPR's ideas, but with the surprising 
turnabout of exhibiting a contradiction. CHZ's demonstration can also be read 
as a gedankenexperiment for testing quantum mechanical predictions against the 
propositions of EPR on locality, reality, and completeness, and it may be pos- 
sible, as we shall discuss, to transform the gedankenexperiment into a real 
experiment. There was one previous proof of Bell's theorem which dispensed 
with inequalities, that of Kochen and (equivalently) of Heywood and eae 
who analyzed a pair of spin-1 systems in a state of total spin angular momentun 
zero. GHZ's demonstration has several advantages, however. First, it is much 
shorter, as a result of the freedom for manipulation afforded by three or more 
particles. Second, GHZ's argument suggests a very direct gedankenexperiment. 
And third, if GHZ's gedankenexperiment oe realized, than a new igise of 
multi-particle correlation experiment will be initiated. 

The central purpose of this se is to present and develop GHZ's original 


argument, which has been published so far only in outline in proceedings of a 


conference. As background we shall recapitulate in Sect. II the route from 


Ske 


EPR's propositions to Bell's theorem of 1964, via the gedankenexperiment of 
Bets” who introduced the use of a pair of spin-% particles. We emphasize 
that the premisses of Bell are those of EPR (adapted to Bohm's gedankenexperiment), 
but that he revealed an unexpected consequence of their premisses. In Sect. 
III we shall present GHZ's argument, which uses a gedankenexperiment with 
three or four correlated spin-'s particles in order to prove Bell's theorem 
without resorting to an inequality. Sect. IV will present a new gedankenexperiment 
involving three particles, as in versions of GHZ's proof by Greenberger and 
choi! and by Metta” The innovation is that in the new experiment propagation 
directions rather than spins are correlated, as in recent two-particle inter- 
ferometer aeietmeneas* In Sect. V we shall show how EPR's program might be 
feasibly tested experimentally, by observing approximations to theoretically 
perfect correlations. Sect. VI will discuss the possibility of real multi- 
particle experiments, by generating triples and quadruples of photons, either 
via atomic cascades or via down-conversion. 

It is our intention to make this paper as nearly self-contained as posaseeS 
We shall present the arguments of EPR, Bell, and GHZ essentially in their entirety, 
and the new material (of Sects. IV, V, and VI) will not presuppose any previous 
acquaintance with two-particle interferometry. A series of Appendices will pre- 
sent all the relevant quantum mechanical calculations. We hope, therefore, to 
make accessible both some important earlier contributions to the foundations of 


» 
s 


quantum mechanics and some fascinating recent developments. 


II. FROM EPR TO BELL'S THEOREM 


In this Section we shall consider the system represented in Fig. 1, consisting 
of a pair of spin—s particles produced at a source and moving freely in opposite 
directions. Particle 1 is subjected to a spin measurement by a Stern-Gerlach appa- 
ratus with magnetic field in the &, direction. The outcome of the measurement will 
be labeled +1 if the @, component of spin is found to be up, and -l if down. Particle 
2 is similarly subjected to a measurement by a Stern-Gerlach apparatus with mag- 
netic field along a. We shall assume that the pair is produced with total 


spin angular momentum zero. Then the quantum state is 
Ss 2 eee 
jay > Wan Lae ae eae y (1) 


where the kets ea and LZ, represent states of spin up and down respectively 
along an arbitrary direction f for particle 1, and ae and 7s have analogous 
meanings for particle 2 with the same direction ae Quantum mechanics of the spin-s 
system yields the remarkable result that the state of Eq. (1) is the same for all 
unit vectors Q, which is an invariance expressing the spheric¢al symmetry of the 
state of total spin evading momentum zero, and therefore no ambiguity results 7 
from our omission of f@ from the notation. (See Appendix A.) Another remarkable 
feature of IW is that, in Schrudinger's terminology, it. is entangled -- that 
is, it cannot- be written in any way as a product of single-particle states (Appendix A). 
The feature of greatest importance for our purposes is that (> entails perfect 

spin correlation: if the @ component of spin is found to be +1 for particle l, 

then with certainty it will be found to be -1 for particle 2, and vice versa. 

(Sometimes this relation is called perfect “anti-correlation," in contrast to 

the situation in which the spin components of the two particles have the same 

value, but our simpler terminology should cause no confusion.) 


From the state |W? of Eq. (1) one can calculdte (Appendix B) the pro- 


ites ¥ a 
babilities Baas) 


A 7 a &# AA 
r VA ya > ae sn), KE »n.), where the first subscript indicates whether 

1 2 ab l 2 weg 2 
the outcome of the measurement on particle 1 is +1 or -1, and the second sub- 
script is analogous for particle 2, and where a, and e are the directions along 

2 
which the spin is measured, The expectation value of the product of the measure- 
ment outcomes is defined as 
A Wiggers A A a aA “A iT 
ahie wn) =P£(n yn) - p Xs a) ae a) + pHi ,f ). (2) 
1" 2 +H 41 2 +. 1 2 oe lanl, -- 1 2 


As one might anticipate from the rotational invariance of the state jy, this 
an 


expectation value depends only upon the angle between the directions a and Ao» 
specifically (Appendix B), 
Oe fate. Aa 
1 2 1 9 


a 
In the special cases: of a =a > Eq. (3) expresses the perfect correlation mentioned 
2 


previously. 


So far we have given the quantum mechanical description of a pair of spin-'s 
particles in the quantum state pr. We now present EPR's argument (adapted to 
Bohm's gedankenexperiment) that this quantum mechanical description of the pair ® 
of particles cannot be complete. The first of their premisses is drawn from quantum 
mechanics, and the other three are quite plausible propositions about locality, 
reality, and completeness, which we state in EPR's words. 


(1) Perfect correlation: If the spins of particles 1 and 2 are measured along 


the same direction, then with certainty the outcomes will be found to be opposite, 


(11) Locality: "Since at the time of measurement the two systems no longer 


y 


interact, no real change can take place in the second system in consequence 


of anything that may be done to the first system." 


(iii) Reality: "If, without in any way disturbing a system, we can predict 
with certainty (i.e., with probability equal to unity) the value of a physi~ 
cal quantity, then there exists an element of physical reality corresponding 


to this physical quantity." 


(iv) Completeness: "Every element of the physical reality must have a 


counterpart in the[completd physical theory." 


EPR's argument now proceeds as follows. Because of perfect correlation (i), 
we can predict with certainty the result of measuring any component of spin of 
particle 2 by previously choosing to measure the same component of spin of par- 
ticle 1. By locality (ii), the measurement performed on particle 1 can cause no 
real change in particle 2. Hence, by the premiss about reality (iii), the chosen 
spin component of particle 2 is an element of physical reality. But this argument 
goes through for any component of spin,and hence all of the components of spin 
of particle 2 are elements of physical fealbeg” ud, of course, the same is 
true of particle 1, by a parallel argument). There is, however, no quantum state 
of a spin-' particle in which all components of spin have definite values. There- 
fore, by (iv), quantum mechanics cannot be a complete theory; at least in the 
case of a pair of spin—5 particles with total spin angular momentum zero, there 
are elements of physical reality for which quantum mechanics has no counterpart. 
Having show, from their premisses that quantum mechanics is incomplete, EPR do 
not exhibit a completion or even a model of a completion. They do say, "We 
believe ... that such a theory is sogaierec! 

Bell's argument of 1964 commences by recapitulating the argument of EPR. - 
He then introduces the notation X for the complete state of a pair of particles, 


specifying all of the elements of physical reality of the pair at some suitable 


=3= 


instant. and he notes. "It is a matter of indifference whether A denotes a 
single variable or a set, or even a set of functions, and whether the variables 
are discrete or continuous." If ~ belongs to the set of complete states consistent 
with the perfect correlation eases of Eq. (3). (a set which we shall denote by 
\,), then A pre-determines the outcome ef a measurement of the 
4 component of spin of both particles 1 and 2. 2 
Hence, there are functions 5. (h) and By fy, defined for all ‘ and for as) 
with values +1 or -l according as the outcomes of the respective spin measure- 
ments are up or down. 

He then considers a probability measure ld on the whole space of complete states 
ra » in order to give a statistical characterization of the ensemble of pairs 
prepared in the quantum state p>. EPR's program clearly demands the use of pro- 
bability, because the diversity of measurement results shows that the individual 
pairs of the ensemble cannot all be in the same complete state. Expectation 
values of all physical quantities of interest can be defined in terms of P. Spe- 
spin measure- 


cifically, the expectation value of the product of outcomes of 

on the two particles is @ 
ef ca a) = finden : 2 (4) 

Bell emphasizes.. a fact that has been built into the formalism: that in a 

this expression for the expectation value, the factor Ay a) is independent 

of mt. and the factor Baa) is independent of. a -- as required by the locality 

assumption (11) of EPR. Since EPR's argument for their program commenced with 

the perfect quantum mechanical correlations (assumption (i)), it is essential 


AKA 
that the expectation value of Eq. (4) agree with that of Eq. (3) when Sta a 


eP (4) “ aint a ais (5) 
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Eq. (5) is a very strong constraint. Since the minimum possible value of 
Aya is -1 (the only other possible value being +1), it is impossible 
to satisfy Eq. (5) unless the set of A's for which Ay (A)=-B 2) has proba~ 
bility measure unity, i.e., in the notation introduced above, unless (Ae 
is unity for each M@. It is worthwhile to point out that there is no ground in 
EPR's argument for concluding that the /\q'* for different f are identical, 
nor is this identity needed for Bell's demonstration. !? 

Bell now has the concepts required for his theorem. The theorem states 
that the envisaged complete theory (with Aya) a), and E as described) 
must disagree with some of the statistical predictions of quantum mechanics. 
He uses the expression for expectation values given in Eq. (4) and, by a 


simple mathematical argument (Appendix C), shows that 


ECG AB) oa Seat) ys o,. (6) 


This is known as "Bell's Inequality": or rather, it is the first of a family 
of inequalities that have colectively been given that name. 

The remainder of _zhe proof consists innoting ‘that there are choices 
of directions a.Be for which the quantum mechanical expectation values of Eq. (3) 
conflict with Inequality (6). For simplicity, rewrite Eq. (3) for the special 
case in which both a, and a, lie in the x-y plane, so that they are identified 


by their azimuthal angles B and b.» and then 
eK@ 10) = -cos(f -0 ). (3a) 
1 2 1 2 


If ee lie in the x~y plane with azimuthal angles 0 1/3 » and ais respectively, 


the discrepancy between Bell's Inequality and quantum mechanics emerges: 


Ves Mind = -, EX (jC) = +, (3b) 
so that a 
[eMoe) Ol -eBES a = 4, (Gs 


in disagreement with Inequality (6).Hence, no choice of the NS the functions 
A and B, and the probability Sener on the space of complete states can yield agree- 
ment with the quantum mechanical predictions of Eq. (3), if these choices.-- . 
conform to premisses (i) through (iv). This is Bell's theorem of 1964, 
Before proceeding with the new multi-particle discussion of Sect. III we 
emphasize several important differences between it and Bell's two-particle 


theorem, First, the perfect correlation (1) and the other EPR premisses (ii, iii, 


-~10- 


and (iv) are self-consistent in the case of two spin-s particles (see Appendix 

D). However, as we shall see in the next Section, the perfect correlations in 

a three (or more) particle system are not consistent with the other EPR premisses, 
Thus, for such a system, the EPR program cannot be carried out even for the 
special case of perfect correlations. 

Second, in the system of two spin-4 particles, contradictions develop only 
when one considers the quantum mechanical statistical predictions, This incompa- 
tibility is demonstrated by deriving an inequality from EPR's premisses and then 
noting that the quantum mechanical statistical predictions do not satisfy this 
inequality. However, in the three particle system, there is no point in deriving 
an inequality, or anything else for that matter, since the premisses are incon- 
sistent. 

Third, in the case of two spin- particles with total spin zero, the cosine 
of Eq. (3a) plays a central role in proving that quantum mechanics contradicts 
the inequality. However, in the three-particle case, the specific form of the 


correlation plays no role in demonstrating a. contradiction. 


III,Bell's Theorem without Inequalities 
Consider a system of four spin-y particles produced and rerdirected so that parti- 

cles 1 and 2 move freely in the positive z-direction and partiicles 3 and 4 in the 
negative z-direction, As Shown: im Wig. 2. ASindicated in the figure, the beams bearin; 
particles 1 and 2 are spatially ee so that they can enter different 
Stern-Gerlach analyzers with orientations and a respectively. Similarly let 

a, and a, be the orientations of Stern-Gerlach analyzers receiving particles 3 

and 4, If the four particles result eda the decay of a single spin-l particle 
into a pair of spin-l particles, each of which then decays into a pair of spin- 


particles, with the z-component of spin initially zero and remaining so throughout 


the decay process, then the quantum mechanical spin state of the four particles is 


-Li- ~~ 


er = rei fetal a, 2142 HZ] oo 


(see Appendix E).Consider, as in Sect.II, the expectation value EM (a ft an ) 
12 3 4 


of the product of the outcomes when the orientations are as indicated. Ic is 


shown in Appendix F that 


eMt 2 2, 22, am e, = cos Feoscoscost? - sin?sinsinAsin@cos (b, +p sf, -¢ mp (8) 


where (Ho) are the polar and aximuthal angles of etc. 


Z oa . ; *~ 
For simplicity, we shall restrict our attention to n's in the x-y plane, 


so that 


— 


na nw & 
E: a Han, a) ) = reel. +9 a -9 ao (9) 


Of particular interest will be the following cases of perfect correlation: 


if 6 +9 -9 -9 =0, th Le Oe =- 
pe aey a, en E ny Aon, on) Li (10a) 
eG ah paw See sea eee ey oa 
Miptaaes Mee a cata cae ta — 
2? 


EPR's premisses can be adapted to the present four-particle situation as 


follows. 
(i) Perfect correlation: With four Stern-Gerlach analyzers set at angles 
satisfying the conditions of either (L0a) or (10b), knowledge of the outcomes 


for any three particles enables a prediction with certainty of the outcome for 


the fourth. 


(ii) Locality: Since at the time of measurement the four particles no longer 


interact, no real change can take place in any one of them in consequence of what 
is done to the other three. 
*). 


(iii) Reality: same as in Sect. 2. 


(iv) Completeness: Same as in Sect. Zs 


[d= 


Thée.. argument in Sect.2 can now be paralleled to infer the existence of 
four functions A), BO, C,@,); D@,) with values +l or -1. These functions 
pre-determine the outcomes of spin measurements along the respective directions 
when the complete state of the four particles is n - One could now proceed to 
derive inequalities of Bell's type and to reveal discrepancies with the statis- 
tical predictions of Eq. (9) for appropriate choices of BO There is no 
point in doing so, however, until the consistency'of premisses (i)-(iv) is esta- 
blished. One might suspect that this could easily be done, because in the case 

(Appendix D). 

of a pair of two spin- particles the consistency of (i)+(iv). hassbeen HEnQHSr rated 
That.is, one might expect to construct a model, parallel to Bell's, which expli- 
citly exhibits functions A, B, C, and D reproducing the perfect correlations of 
(10a,b). However, this expectation will not be fulfilled. No such model is pos- 
sible. As we shall now proceed to show, EPR's premisses for the four-particle 
situation are inconsistent. 


First, we restate (l0a,b) in terms of the functions A,B,C,D, tthe existence 


of which follows from the sRacitgudee? ah pode CD 
if a i then (9 B40 ert, ae: (11%) 
pur 
-6 -9 =. =) 5 ¢ 11 
if ae e Dat then AZO DB, (8,16, (9,0, ,) 1 (11b) 


Let us now consider some implications of just one of (lla,b), say the first. 


Four instances of (11a) are 


=- 2 
A(R, (0)e-(0)D4(0) = -1, (12a) 
Aes k0) CCN (0) =-l, .? (12b) 

ace | (12c) 


A (0) B,()C,(0)D, (f) 


A(2)B,(0)C,(0)D, (#) = -1. (124) 


-13- 


From Eqs. (12a,b) we obtain 
AAO), () = By ODES) 5 (13a) 


and from Eqs. (l2a,c) we obtain 


(0)D4(4) = As(0)D, (0). (13b) 
rr, A 


A consequence of these is 


Caf) /D4 (0) 7 C60) DA C9), (14a) 


which can be re-written as 
C4(O)Dalo) = (MD HO), (14b) 


because D.($)' ig $1 and hence equals its inverse, and the same fot Big (O) 


We then obtain from Eqs. (12d) and (14b) 


alr aude, Vane a = -l, (15) 


15 
which in combination with Eq. (12a) yields 


ag - ep 


f 
= = : . # 1 
( Ax(?0) Ay (0) a ig all 9 (16) 


Eq. (16) is a quite surprising preliminary result. By itself, this equation 

is not mathematically contradictory, but physically it is very troublesome: 
for if Ay (0) is intended, as EPR's program suggests, to represent an intrinsic 
spin quantity, then Ag (0) and A OMT) would be expected to have opposite 
signs, The trouble becomes manifest, and an actual contradicrion emerges, 


when we use (llb) -= which until.»now has not been brought into play -~ to obtain 


ACOH) BA(0) CHP Dy (0) =, CL?) 


which in combination with Eq. (12b) yields 


-14- 


A NOT) = “A, (0). (18) 


“Yhis results confirms the sign change which we anticipated on physical grounds 
in EPR's program, but iralso contradicts the earlier result of Eq. (16) that 
Ay (0) is constant in $. We have thus brought to the surface an inconsistency 
hidden in premisses (i)-(iv). 

In the foregoing algebra, the argument of the function By.) was fixed 
throughout to be 0, which shows that premisses (i)-(iv) are also inconsistent 
when applied to a system of three spin-y particles. But we know from Bell's 
model (Appendix D) that the corresponding premisses are consistent for a pair 
of spin-'s particles. Correlations of three or more spin- particles involve 
at least one more degree of freedom than one finds in correlations of two spin-—s 
particles, and it is clear that the manipulation of an additional degree of 
freedom is essential to the exhibition of a contradiction! ® The most significant 

feature of the new argument is the revelation that the EPR program cannot handle - 

even the perfect correlations of quantum mechanics for systems of three or more 
particles. There is an irony in this result, in that perfect correlations are 


central to EPR's argument for the existence of states more complete than those 


. 


of quantum mechanics. 
IV. .... AND WITHOUT SPIN 

In this Section we shall present a new gedankenexperiment, with three particles 
and without spin, for which the argument of the previous Section applies unchanged. 
The new system is an extension of a two-particle interferometer previously considered 
by Horne and gelitinees™ for exhibiting entangled states in momentum and position, 


and it resembles Mermin's® figure of a three-spin "gadget." Since the gedankenexperime 


does not involve spin, it emphasizes, yet again, that Bell's theorem does not hinge 


17 


on spin. Since it employs only three particles, it emphasizes that the GHZ argument 


goes through for three particles. Finally, the new gedankenexperiment may be reali-~ 


zable in the laboratory. 


-15- 


Consider a particle that can decay into three particles of equal mass or 

into three photons (though, with a slight modification, we rauld allow any combi=: 
nation ef different mass particles and photons). Imagine that the decaying par- 
ticle has (mean) momenta dake and that the decay occurs in the central region 
of the arrangement of Fig. 3. If all three particles have the same 

~ energy, then, by momentum conservation, they must be emitted 120° apart. The 
equal energy requirement can be enforced by placing energy filters at the detec- 
tors. The central source is surrounded by an-array of six apertures: a,b, and 
e at 120° separation, and a',b', and c' also at 120° separation. Because of the 
placement of the apertures, the three particles 1,2, and 3 must emerge either 
through a,b, and c or through a',b', and c', Thus the state of the three particles 


beyond the apertures will be the superposition 
Dy / jw / / 
E> = e[1a3 Wz tleZleZleZ] ay 


where lar denotes the particle 1 in beam a, etc. The insertion of an arbitrary (but 


fixed) phase between the two terms of Eq. (19) produces no significant change of predictions. 


3 + 


Beyond the apertures beams a and a‘! are totally reflected-so as 3: 
to overlap at a 50-50 beam apliteeee* 9 and the: two outgoing. beams are aueueseea 
by detectors -d and d', Note that en route beam a’ passes thraugh a phase glare’? 
which causes an adjustable phase shift 0. Consequently, the evolution of the 


kets lap and la> is given by 


3 ’] ; a 
paz ——> das + ld 2 i. 5 


I> = dee ads Ag ld? [ (20b) 


where the ket ld> denotes particle 1 directed towards detector d, etc. 


and 


-16- 


n ay the i is due to reflection from the beam-splitter; and the is 
In (20a,b) the i is d fl he b litter; +? and the @, i 


a phase shift due to the phase plate inserted in beam a'. The particle 2 beams 

and the particle 3 beams are subjected to similar treatment and hence undergo si- 
milar evolutions. When the evolutions of (20a,b) and the similar ones for particles 
2 and 3 are combined with the initial three-particle state of Eq. (19), a state 
with eight terms develops (Appendix G), from which we obtain amplitudes and hence 
probabilities of detection of the three particle by the triple of detectors (d,e,f), 
the triple of detectors (d',e,f), etc. We assume that the detectors are perfect, 

so that every triple of particles causes either d or d' to fire, either e or e' 

to fire, and either f or f' to fire. 


The resulting expressions for the probabilities of detections (Appendix G) are 


pH G,85.9,) = 11 + sin(d ,+4,4,)1, (21a) 
Pg _(G,08,09,) = LL - sin,+4,40,)1. (21b) 


etc. (If the number of primes on the detector labels is even, there is a plus 

sign; if odd, there is a minus sign.) Obviously the sum of these probabilities for 
eight possible outcomes (d,e,f), (d',e,f), etc. is unity. Paralleling the dis- @ 
cussion of Sect. III we call the result +1 when a particle enters an unprimed de- 
becker (for example, d) and -l when it enters a primed detector (for example, d'). 


With these values and the probabilities of Eqs. (2la,b) etc., we may calculate 


the expectation value of the product of the three outcomes. The result (Appendic G) is 
Y 22 
Perfect correlations are obtained for, ‘the following choices of angles: 


if 9,+0,+0,=7772, then XG, 9, -9,) = +1, (23a) 


: ¥ oe 24 
if 9, +4, 4, 39772 then E (9,905) 1 (23b) 
All the requirements are now met for the argument of Sect. III to go through, ex- 


hibiting a contradiction in EPR's premisses. Note that Eqs. (22) and (23a,b) are 


a7 


the analogues of Eqs. (9) and (10a,b), the significant change being that the 
phases associated with the plates take the place of the azimuthal angles of the 
Stern-Gerlach orientations. 

We conclude this Section by emphasizing some fascinating features and ge- 
neralizations of the arrangement of Fig. 3, which we call a three-particle interfe- 
rometer. First, if detectors d,e,f (for example) were monitored for three-particle 
coincidences, then Eq. (2la) predicts that the observed count rate for these coin-~ 
cidences will depend sensitively on the phases imparted by the phase plates. For 
example, if 919,19, is varied linearly in time (by manipulating one or more of 
the plates), then the three-particle coincidence rate will vary sinusoidally, 
with a minimum of zero and a maximum of one-quarter the rate at which triples of 
particles are emitted from the apertures. We shall call these sinusoidal oscillations 
three-particle interference fringes. Second, the three-particle interferometer will 
not exhibit any two-particle fringes. That is, if detectors e and f (for example) 
are monitored for two-particle coincidences, while detectors d and d' are ignored, 
the observed two-particle coincidence rate will be completely independent of the 
phases. This statement follows from the fact that the sum of Eqs. (21a) and (2b). 
is ‘4s, independent of 9 ,1,- Third, the three-particle interferometer will also 
exhibit no single-particle fringes. If, for example, detector £ is monitored while 
d,d',e, and e! are ignored, then the observed count rate will be one-half the 
rate of emission of triples through the apertures, independent of the phases. 

This follows by summing pW, »95.95)> Pax, 95.8,). PE (+0594); and 


P41 (D1 By o,)- Finally, the three-particle interferometer of Fig. 3 and the 
initial three-particle state of Eq. (19) can be generalized to n-particle interfe- 


rometry, and the features just described also generalize: an n-particle interfero- 
meter will exhibit n-particle fringes, but it will not exhibit n-1l, n-2,..., or 


single-particle fringes. 
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V. ON TESTING EPR'S PROGRAM 

The new demonstration of Bell's theorem without inequalities does not 
call for an experiment, any more than did Bell's original theorem of 1964. How- 
ever, EPR's program is plausible, and one may suspect that in a situation of con- °- 
flict between that program and some predictions of quantum mechanics, the latter 
will turn out to be false. Indeed, this motivation led to more than a dozen ex- 
perimental tests in the last two decades, with results overwhelmingly supporting 
quantun mechanics.> Is there any point in designing yet another experiment along 
new lines, in order to re-refute the program of EPR? We think so, for two reasons. 
The first is sheer intellectual challenge. We would like to know what experiment 
would have been appropriate had history been different and had GHZ's demonstration 
been the first proof of Bell's theorem. The second is that the investigation of 
correlations among three or more particles can open a new, beautiful, and fruit- 
ful type of experimentation, of interest independently of EPR. Since multi~particle 
interferometry seems particularly promising, we shall focus attention upon the 
arrangement of Fig. 3. = 

At first glance the required experiment seems clear. Set up the arrangement 
of Fig. 3 in the Laboratory. Experimentally confirm the perfect three-particle 
correlations predicted by quantum mechanics and summarized in Eq. (23a,b). Then, 
in view of the theorem of Sect. III (which applies to the arrangement of Fig. 3), 
the set of EPR premisses (ii), (iii), (iv) are invalid, and experimentally so. 
Upon reflection, however, there is a difficulty. The basic EPR argument for the 
existence of the elements of physical reality summarized by the functions a 
Po ex has evaporated, for we nase’ chou that the EPR argument is based upon 
inconsistent premisses. We are struck by the curiosity of the logical situation: 
perfect correlations are needed to initate the EPR argument, and perfect correla- 


tions suffice to show that the EPR premisses are invalid. The difficulty can be 


circumvented by dropping their argument and considering their program as a 
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hypothesis. By their program (in the context of Fig. 3) we mean the existence 
of the complete states )\ , the result functions a ea By (G,)> C+ (G5), 
and a probability measure ? over the space of complete states. 

We proceed in three steps. First, we show that the mere existence of the 
result functions a By > Co imposes a remarkably strong constraint on the 
probability ieee (see Inequality (29) below). This inequality is in 
principle testable. The second step is to show how the test could be done even 
with low-efficiency detectors, provided that we make a plausible auxiliary assump- 
tion, which we call fair sampling. Finally, we show that the auxiliary assump- 


tion is dispensable if detector efficiencies exceed 90.8%. 


In the arrangement of Fig. 3 consider four different choices of the phase 
angles (B,,0,,0,): namely, (47/2,0,0), (0,0,%72), (0,<1172,0), and 
(9772, 1172, 7172). Each triple of particles emitted through the apertures is as- 
sumed by EPR's program to be in a complete state 2, and the assumed existence 
of the result functions AD (B))> B (5), Satey) implies that 2 will predeter- 


mine the outcome for each particle for each of the foam choices of phase angles. 


; a 
Of course, any specific triple of particles can be subjected to only one of the 


four choices of phase angles, and therefore the entire ensemble of triples 
emitted from the apertures is subdivided into four mutually exclusive and ex- 
haustive subensembles. But since the triples are emitted before encountering 
the phase plates, where the subdivision into subensembles takes place, it ie 
reasonable to assume that the same probability se 1 governs all four of 
the subensembles,. 


« 
Consider now the following three’ statements: 
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A\(IP/2)B,(0)C ,(0) = 


H 
— 
ms 


A,(O)B \(0)C (47/2) = 1% 


] 
ran 
* 


A(0)B4(4r/2)C (0) 
Multiplying Eqs. (24a,b,c), as suggested by Mermin,)> we obtain 
A CF12) By (M71 2)C (872) =1, 


since the other factors in the product obviously multiply to unity. Con- 


sequently, the statement 
A /2)B, (47 2)C, (7/2) ei 


implies that at least one of Eqs. (24a), (24b), (24c) is false. We 


can express this last implication in the language of set theory: 


A, « eval, . 


4 


Here 


/\ ; = the set of all 4's such that Eq. (24a) holds, 
7%, = the set of all 4's such that Eq. (246) holds, 


= the set of all A's such that Eq. (24c) holds, 


but (note well) 


A, 
A, = the set of all A's such that Eq.(24e) holds. 


and 0 is the complement of A l (i.e., the set of all A's nat belonging 


to As etc.: 


(24a) 
(24b) 


(24c) 


(24d) 


(24e) 


(26a) 
(26b) 
(26c) 


(26d) 


eo 


We are now in a position to make use of the probability measure fo 


on the space of complete states. Specifically, by (25) 
PRIS 20,80) of) | 
a f oa 3 (27) 
But by standard probability theory 


POM) 2 eRe) +A py 


the reason for connecting the left hand side to the right hand side by Ks 


— 


being the possibility that thethree sets DST \ 5s A are not mutually 


exclusive. From Inequalities (27) and (28) we obtain the strong constraint on 


the probability measure P which we have been seeking: 
e“,) < plA,) +A d+) 3 (29) 


Inequality (29) is testable, once appropriate connection is supplied between 


_the probabilities O(/|), etc. and laboratory quantities, a matter which we are 
about to discuss. Before doing so, however, we wish to stress that Inequality 


(29) was derived from apparently innocent premisses: nothing but the existence 


of the complete states A; the result functions er “Bo Cl» and the proba- 


y 


bility esi The fact that Inequality (29) is non-trivial shows that the pre- 


misses are not innocent after all. Especially, they embody EPR's commitment 


to locality, because the result function oo for particle 1 depends only on 
the phase angle 9) of the phase plate that it encounters, and not on 9, and $,> 


and likewise B does not depend on 9) and 9,» and - does not depend on 9, 


A 


and 9, 
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A test of Inequality (29) requires a connection between the quantities 

entering in this inequality and laboratory data. As pointed out in Sect. IV, 

the arrangement of Fig. 3 defines an ensemble of triples of particles: namely, 

those emitted through the apertures into the six beams a,b,c,a',b',c', Because 

of the imperfection of actual detectors, and the possible loss at actual mir- 

rors and beam-splitters, not all of these triples will be detected. If the 

detectors are made as nearly alike as possible, then it is reasonable to assume 
“fair sampling": that is, the number of triples actually detected by any three 
designated detectors, say d,e,f, with any specified phase angles 9 9,29, 

is proportional to the number that would be detected if the mirrors, beam-splitters, 
and detectors were perfect -- with the same constant of proportionality in all cases. 
This fair sampling assumption was previously proposed by Clauser et aa in 

order to permit a test of one of Bell's Inequalities. Given the fair sampling 
assumption, the probability re) (A D is determined by making the phase angles 

(9, 9, 95) be €7}/2,0,0) ana aiyiaine the number of coincidence counts for 

which the product of outcomes is +1 (i.e., those in which an even number of 

primed detectors are ttiggered) by the total number of triples detected. If the choic- 
es (9, 2, +9) are set to be (0,0,9%/2) and (0,47/2,0),.° pre 

then PAY and eA, are likewise determined.: In order to deter=— ° 

mine fn, the phase angles are set at (97/2,4//2, T1772), and the number 

of Asunes for which the product of the outcomes is -l (i.e., an odd number 


of primed detectors are triggered) 1s divided by the total number of detectors 


triggered. Since 


4 


pa -1-pAp. (30) 


etc., we would then have all of the information in hand to test Inequality 


(29). Violation of the Inequality would constitute strong evidence against 
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EPR's program, and of course this is the result that we anticipate, in view 
of the general success of quantum mechanics. 

There has been extensive discussion of possible failure of the fair sampling 
assumption and of ways to dispense with it in tests of Bell's Inequality. It has 
been shown that the assumption would indeed be dispensable if the detectors were 
at least 82.8% ee fieiente = A similar conclusion can be drawn in the present 
context, concerning a test of Inequality (29). Suppose the rate of triples emitted 
through the apertures is known (possibly by some calorimetric method) and for 
(B28, 84) = (77/2,0,0) a fraction f of these is detected with product of out- 
comes equal to +1. Others may be detected with product of outcomes -1, and others 
are not detected at all. From these data, together with the definition of (A) 


we obtain 


AA) > Ff (31a) 


and 


aay ue Te (31b) 


— 
Similar bounds may be obtained for PA»? A,» etc., and for simplicity 
we shall take the fractions detected with the outcomes mentioned in the defi- 


nitions of these sets to be the same f. Combining these. bounds with Inequality 


(29) yields 
£ = AY) s GA» + aA, +A, SS 30-8). ; (329 


This Inequality will be violated (with consequent disconfirmation of EPR's 
program) if £>0.75. As pointed out above, there are two contributions 

to the fraction 1-f£: one from the detection of triples in the "wrong" way 
(i.e., contrary to the prediction of quantum mechanics) and one from the non- 


detection of triples. The latter part could be as large as 1-7, where Y is 
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the efficiency of a single detector. Hence, even if no "wrong" triples are 
detected, there would be certainty that f is greater than 0.8 only if 1 is 
greater than 0.75 i.e., only aED) is greater than 0.908. Thus, the demand 
on detector efficiency if the fair sampling assumption is to be avoided in 
the present ee er is more stringent than in tests of Bell's Inequality. 

An advocate of EPR's point of view might attempt to salvage part of their 
program, even if Inequality (29) turns out to be refuted experimentally. The 
salvaging strategy could consist in abandoning the functions An (8); Ba (G,)> 
oy a ee and thereby giving up the idea that the complete state A} predetermines 
the outcomes of measurements. Instead, it would be assumed that when , and 9, 
are given, there are only definite probabilities that- particle 1 will trigger 
detectors d and d'; and likewise for particles 2 and 3. The spirit of EPR's 
program would be preserved by making the probabilities concerning one particle 
depend only on the phase plate which it encounters, and not on the other two 
phase plates. The type of theory envisaged by this strategy is often called 
a stochastic local theory, in contrast to a deterministic local theory, which ee 
has been considered so far in this paper. 


We already know from traditional work on Bell's theorem that this sal- 


24 


vaging strategy fails. In the first place, it was shown by Bell” :.in 1971 and 


by Clauser- and Horne? in:I197% that the same Inequality governing statistical 
correlations that is derived from a deterministic local theory can be derived 
from a stochastic local theory. Consequently, the violation of Bell's Inequality 
by the data of numerous experiments constitutes a disconfirmation of the weak- 
ened version of EPR's program. Secondly, there are "equivalence’ theorems" 
(siapp” and Fine*’) to the effect that the predictions of any stochastic local 


theory can be duplicated by an appropriate deterministic local theory. Hence, 


any experimental evidence against the family of deterministic local theories 
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would automatically be evidence against the family of stochastic local theories. 
The second of these two reasons for the failure of the salvaging strategy is the 
one more relevant to the argument of the present paper, since this reason makes 


no reference to Bell's Inequality. 


VI. REAL EXPERIMENTS 

There are two immediate avenues for experimental verification of the remark- 
able features of multiparticle correlations; both are generalizations of previous 
experiments with pairs of photons. As the first possibility one may contemplate 
the polarization correlations among three or more photons emitted by a cascading 
atom. Such an experiment would be a generalization of the many two-photon polar- 
ization correlation experiments done over the past two decades, all of which 
are descendants of the pioneering experiments of Kocher and Gomina-” and of 
Freedman and Glatear’; The second possibility would be to exploit the momentum 
and energy correlations among three or more photons emitted in the process of @ 
parametric down-conversion. Such an experiment would generalize the recent series 
two-photon interference experiments which are all aisveatadea of the pioneering 
experiments of Burnham and Weinberg~” and of Gosh and Mandel 

A generalization of the atomic cascade two-photon experiments would use an 
atom cascading through two intermediate levels to produce three photons. For 
example, consider an atom undergoing electric dipole transitions which carry 
the atom from a state of zero total angular momentum through two intermediate 


states of angular momentum one back to a state of zero total angular momentum, 


that is a J=0—7 J=1 > J=l > J=0 cascade. Suppose for simplicity that the 
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three detectors select three photons that propagate in a plane along directions 
at angles 120° from each other. Then by conservation of angular momentum the 


three-photon state is? 


I> = 4 fio, + 1s], (33) 


which has the required entanglement to exhibit polarization correlations 
analogous to the direcf€ion correlations of Sect. IV. 

A generalization of the class of recent two-photon down-conversion experiments 
would utilize the fact that, at least in principle, down-conversion can 
produce three or more correlated photons. As a specific example consider the 
three-photon generalization of two-particle interferometry (Horne, Shimony and 
Zeilinger? and Rarity and Tapster!’), In such a generalization six apertures 
a,b,c and a',b',c' would be suitably placed downstream from a down-conversion 
crystal so that by energy and momentum conservation the emerging state of the 


three-photon radiation would be 


: J 
amy al: (34) 
IY > = Friern lerlr, + larry Jery1. 
‘which is formally the same as Eq. (19) of Sect. IV. 
One could equally well contemplate generalization of some of the other 


existing two-photon down-conversion experiments. An example would be a three-photon 


generalization of the experiment proposed iy. Fesuson and performed by. 
Qu and Mande1?* and by Kwiat et aie? Such experiments exploit correlations 


in energy/time instead of momentum/direction. Alternatively, instead of direct down- 
conversion to three or four photons, one could. in principle contemplate 


a two-step cascade of two-photon down-conversions to produce a four-photon 


entangled state. 


-27 = 


ACKNOWLEDGMENTS 


We wish to thank N.D. Mermin for some valuable suggestions. 

This work was supported by the National Science Foundation under Grant 
Nos. DMR-8713559 and INT-8713341 . During the early stages of this work 
D.M.G. was a Fulbright fellow at Atominstitut, Vienna, Austria and at 

the Max-Planck-Institut for Quantenoptik, Garching, F.R.G.j he also wishes 
to acknowledge partial support from the CUNY-FRAP program. A.Z. acknow- 


ledges partial support from the Austrian Fonds zur Férderung der wissen- 


schaftlichen Forschung, grant No. P6635. 


-~28- 


APPENDIX A: PERFECT CORRELATIONS IN THE TWO-PARTICLE STATE | VY ? 

In order to show the rotational invariance of the state of Eq. (1) we 
shall have to express the kets )2,+> and j@,-> , the states of spin up and 
down along the a direction, in terms of |+) and /->, which are states of 
spin up and down along a specified direction, commonly 2. We shall use the 


standard Pauli matrices T+ Cie and write 
(O7-n) |#,+> =(8+>, (Ala) 
(O-n) [f,-> = -/4->. (Alb) 


Each of the Eqs. (Ala,b) can be written as a pair of coupled linear equations, 


which can be solved to yield (up to an arbitrary scalar multiple) 


(cos¥2) 0719/2) o> 4 (sin02) 19/2 |_> (A2a) 


sD 

e: 

V 
tt 


fase ~(sin&2) 29/2) .> + cosh2)e14/2 j_>,, (A2b) 


where Cand @ are the polar and azimuthal angles of é. Now consider 


a re A A 
KYA )> = He, - A> 184, ] , , (A3) 
and insert Eqs. (A2a,b) to obtain 


ay - Afb), - >be | - lI? > (44) 


Thus rotational invariance is proved, and incidentally we are justified in 

using the notation of Eq. (1), which-refrains from making the basis explicit. 
The foregoing argument implies as a corollary that [>is entangled. The 

reason. is that there are no bases for the spin-' particle other than pairs 


of kets of the form jn, +> and }->, and we have just seen that in none of 
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these bases is inp expressed as a product state. 
It is instructive, however, to give a more general proof of entanglement. 


Let p> be a vector representing a state of a two-particle system with the form 
p> = clu, lv, + dju'> ivi >> (A5) 


where ju> and aes are orthonormal kets in the space of states of particle 1 
i 
and }v> and iv'Z are orthonormal kets in the space of states of particle 2, 
A , = 
and both of the scalars c and d are non-zero. We claim that |p> is entangled. If 


not, it can be written as 


jp>-= [le wes 


where |w> and (z> are respectively in the spaces of states of particles 1 
1 ot 
and 2. General considerations about vectors imply that lwp can be expressed as 
a linear superposition of |up and ey g » and {z> can be expressed as a linear 
1 A 


superposition of Iv and Iv'Z: Ling 


se alu7 + a'\u'7y » cae 
= b/vPt b')v'>. A7b 
ee vn, lv a (A7b) 
Then, 
Al ablu piv? + ab!) lv'2 + sd A La + a'b'(ulziv' >. (A8) 
Comparing Eqs. (A3) and (A9) yields 
ab' = a'b = 0, (A9) 
which in turn implies that either 
c = ab=0 (A9a) 
or 
d =a'b' =0, (A9b) 


contrary to assumption. 


290s 


APPENDIX B: STATISTICAL CORRELATIONS IN THE TWO-PARTICLE STATE iy > 
Because of Eq. (A4) of Appendix A we can write the state IY >of Eq. (1) 


in the form 
IV? = Fett, PIED, - J Ps a, oD 


where a is an arbitrary direction. Let g, be another arbitrary direction, 
which will be taken to be the polar axis, and let the polar angle of a with 
respect to a be & By proper choice of the other coordinates the azimuthal 


angle for a, will be zero. Hence, adapting Eqs. (A2a,b), we have 


N 


18, (cos6Y2) |, #2, + (sind}2) [1 ,->5 ' (B2a) 


is, Py 


i] 


-(sinl#2)|a, +2 + (cosF2) \2,.-7 - (B2b) 
Hence, 
1. 
KP >= Ri (sin 92) 18) A IES A + (cos72) | A, AIA, .-2, 
- (cos 2) | .-% |45,42, - (sin6F2) I) ,-> I>]. (B3) 
The amplitude for the joint outcome up along n for particle 1 and up 


along a for particle 2 is -(sinG2) / » and likewise for the three other 


possible outcomes. Hence, 


A bein 
P(t, of) = sin‘ #2, (B4a) 
*4-(8) ft) = cos (72, (B4b) 
Eda gn.) = eos C2, (B4c) 
B.A, 68) = sin -GF2. (B4d). 


Using Eqs. (B4a,b,c,d) and the definition of aXe .4,) of Eq. (2), we 


